
A nonlinear analysis of an oscillator equation with damping and external forcing using a perturbation method
Abstract:  we obtain a relation between the stability and slope of bifurcation curve. We also show frequency response curve which is S-shaped curve where solid lines for stable and dashed lines for unstable .we consider the eigenvalue of the corresponding system of the first order differential equation with constant coefficient. A positive real root indicates an unstable solution. Where if the real parts of the eigenvalues are all negative then the study state solution is stable.

Introduction:
In this work we perform a nonlinear analysis of an oscillator equation with damping and external forcing.  This includes four parameters,,   and F. We study the stability of steady states of a system of differential equations obtained as a result of perturbation method. We study the effect of various parameters on the stability of steady states.  The equation we consider here is 
 u''(t) + ω2u(t)+ ε u'(t)-2ε   (1)
Where  is the natural frequency of the oscillator when there are no damping terms and external force present, that is when =0.
We use two time scales:
 = t (fast time)           = ‎ε t (slow time)
Replacing u with 
u (t, ε) =  (, )+ ε((, )+ ε2(, )+. . . . . .    (2)
Where are a function of. In our work we consider terms up to O (ε2)
We have to change the derivatives of differential equation in terms of the new time scales 
  
 
Writing in terms of operator form 
(3)
 (4)
u=+                           ω=1
Using equations (2) (3) and (4) into equation (1) 
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Equating the coefficient of  


**The solution of equation (5) can be expressed as 
 =A +  + cc    (cc stand for the complex conjugate of the preceding terms)
We compute the terms of (6) after substituting the 
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After substituting the solution  in (6) we collect the terms that have 



=-2i-+2+- i+NST +CC      (7)  
   (NST denoted the terms that do not producer secular terms) 
= [-i(2A++A2- i] =0
In order to see the behavior of the system when the natural frequency is close to forcing frequency =1) we use 

Where sigma is called the detuning parameter.
, where =* t
= [-i(1++A2A(1+)=0
Eliminating the terms that leads to the secular terms   
=0    (7)
Using polar form to get two equation 
 A=                                                              (8)   
Substituting equation (8) into terms of equation (7) as:
***2iA=2i [)] = 2i (
+ ) = i (eiβ+eiββ)
=ieiβ(
 ei β)

***A2=A (ei βe-i β) =A (2= (ei β) (ei β

**- A2ei β(2
=-ei β ei β
We obtain the following equation
 ei β)+iei β()-ei β-ei β+i)
Divide by ei β
+i=0
Consider
=cos =cos γ+i sin γ   where   γ=)

Separating the real and imaginary parts


γ =
=- γ'

- γ')
Stability of steady states:
Case 1
No external force (F=0)
=0=0
 (  is a solution
a =0
=0    (N)
   Check the study stability for ( 

J (=
=	
(a=0
 =0
Eigen values have negative real part if 
 a>0
( will be stable if ->0        and     

Case 2    (F)
The steady state solution are given by


Steady state set 

=0
=0



        a

 
Squaring both sides
[
[
Cos2 γ+sin2 γ=1
Add the two equation

This is called frequency response curve in dynamical system.
Factor out ‘a’


Next we perform eigenvalue analysis


Let (ao, γo) be the solution of 
=0 
=0

J)=
=

Linearization …eigenvalue of J ()



() =0
 ()=

  + (() =0   
By Routh Hurwitz criteria the necessary condition for all roots to have negative real part is that all coefficients are positive >0.

>0
(()>0
Which is the stability condition for the stability of 

Bifurcation analysis for parameters and Frequency response curves

Consider the function of multiple variables
 
  
* = ()-2)

WE HAVE THE EQUATION FOR ROUTH-HURWITZ CRITEREA THEROEM         
  +(()=0   
P=
     q    =(()=0
For steady stability we have
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(
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We have =  (*)
if q=0 ( unstable) from(*) the corresponding to bifurcation points A and B on the graph 
if q>0 (stable) from (* )   >0

Case 1      F=0

=0     

  (c)
(d)
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