1. (5 points) Solve the following system of equations:

rT—y+z+w = 5
y—z+2w = 8
20 —y —3z+4w = 18.

2 Midterm



2. (4 points) Find a basis for (a) the kernel (nullspace) and (b) the image (column
space) of the matrix A given below:

1 101 4

1 2 1 16

A=1o 111 3

22 017

You may use the fact that

10 -1 01
01 1 0 2
rref(A) = 00 0 11
00 0 00

3 Midterm



3. (5 points) Let T': R? — R? be a linear transformation such that

1 1
T{lo]|]=]2

o o
T{[1]|]=]|0
1 5
T|lo]|]=]4
1 6

Find the standard matrix representation of 7', i.e. the matrix A such that
T(x) = Ax for all x in R™.
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4. (5 points) Suppose that A and B are n X n matrices such that A is similar to
B. Show that A* is similar to B* for all integers k > 1.

5. (5 points) Suppose that A and B are 5 x 5 matrices such that Ax # Bx for all
non-zero vectors x in R®. Find the rank of the matrix (A — B).
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6. (5 points) Suppose that 7" is a linear transformation with standard matrix repre-
sentation A, and that A is a 7x 6 matrix such that the kernel of A has dimension
4. Find the dimension of the image of T

7. (5 points) Suppose that A is a 4 x 4 matrix, B is a 4 X 3 matrix, and C' is a
3 x 4 matrix such that A = BC. Show that A is not invertible.
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8. (16 points) Answer each of the following questions True or False. No expla-
nation is necessary. Each question is worth 2 points. You will receive 2 points
for each question answered correctly, 0 points for each unanswered question,
and —2 points for each question answered incorrectly, with a minimum possible

score of 0.

(a) If Ais a 7 x 4 matrix, and the dimension of the image of A is 3, then the
columns of A are linearly dependent.

(b) Any six vectors in R* must span R%.

(c) If Ais a matrix such that the linear system Ax = 0 has the unique solution
x = 0, then A must be a square matrix.

(d) If A and B are 2 x 2 matrices such that AB = 0, then BA = 0.
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(e) There exists a 3 x 2 matrix A such that ker(A) = im(A).

(f) There exists a 3 x 3 matrix A such that ker(A) = im(A).

(g) If Ais an n x m matrix, then the set of vectors x in R™ such that Ax =0
is a subspace of R™.

(h) If A is an n X m matrix, and b is an arbitrary vector in R", then the set of
vectors x in R™ such that Ax = b is a subspace of R™.
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