Integers, Rational Numbers, and Proportional Reasoning
Introduction
Although numbers, in general, were in use as far back as 30,000 years ago, negative numbers appeared for the first time in history in a Chinese manuscript during the Han Dynasty (202 B.C. to 220 A.D.), but this may well have contained much older material. The Chinese system used red counting rods to denote positive numbers and black rods for negative ones (this system is the exact opposite of contemporary printing of positive and negative numbers in the fields of banking, accounting, and commerce, wherein red numbers denote negative values and black numbers signify positive values). The Chinese were also able to solve simultaneous equations involving both positive and negative numbers.
For a long time, negative solutions to problems were considered false and European mathematicians, for the most part, resisted the concept of negative numbers until after the 18th century. In the 18th century, it was still common practice to ignore any negative solutions to problems as meaningless.
The first extension of the set of integer numbers is the set of rational numbers. Rational numbers are known to have been used in antiquity by many cultures such as the Greeks, Egyptians, Babylonians and Chinese. Applications of rational numbers are all around us every day, although many people do not realize that they are. Having a tank of gas only 1/4 full, buying a 1/2-gallon carton of milk, needing 2 ½ cups of sugar to bake a cake, and having 3 slices of an 8-slice large pizza are just a few of everyday usages of rational numbers.
Integer Numbers
Integers, also called signed numbers, are comprised of all whole numbers and their opposites including the number zero. Positive integers are all the whole numbers greater than zero: 1, 2, 3, 4, 5, ... Negative integers are all the opposites of these whole numbers: -1, -2, -3, -4, -5, ... The number zero is not considered to be either positive or negative. If an integer is greater than zero, its sign is positive. If an integer is less than zero, its sign is negative. Numbers are assumed to be positive unless a negative sign precedes it.
The Number Line
The number line is a line labeled with the integers in increasing order from left to right, that extends to infinity in both directions:

For any two different places on the number line, the integer on the right is greater than the integer on the left. As an example, -5 > -9 and 3 > -1.
Absolute Value
Absolute value of an integer number is often defined as the distance of that number from zero. Since distance can never be negative, the absolute value of any number is always positive (or at least zero). We denote the absolute value of a number x by including the number in vertical bars as |x|.
Examples:
1.      |7| = 7
2.      |-29| = 29
3.      |0| = 0
4.      |34| = 34
5.      |-34| = 34
Operations on Integer Numbers
Much like there are various methods when adding, subtracting, multiplying, or dividing whole numbers, there are also several approaches when adding, subtracting, multiplying, or dividing integer numbers. Some of the common models for addition, subtraction, division, and multiplication of integer numbers are the:
1.      Chip model
2.      Charged-field model
3.      Number line model
4.      Pattern model
Because of the fact that integer numbers are whole numbers that are either positive or negative, the same procedures of addition and subtraction of whole numbers may be employed; one must pay extra attention only to the signs of those numbers to decide when numbers are being added or subtracted.
Addition
In general, a pattern arises that simplifies how adding integers can be performed accurately and efficiently.
When adding integers of the same sign, add their absolute values, and keep the same sign.
Examples:
1.      2 + 4 = 6
2.      (-3) + (-2) = -(|-3| + |-2|) = - (3 + 2) = -5
3.      (-55) + (-40) = -(|-55| + |-40|) = -(55 + 40) = -95
When adding integers of the opposite signs, subtract the number with the smaller absolute value from number with the larger absolute value, and give the result the sign of the integer with the larger absolute value.
Example 1: What is the value of 8 + (-3) ?
Answer: The absolute values of 8 and -3 are 8 and 3. Subtracting the smaller from the larger gives 8 - 3 = 5, and since the larger absolute value is 8, give the result the same sign as 8, so 8 + (-3) = 5.
Example 2: What is the value of 8 + (-17) ?
Answer: The absolute values of 8 and -17 are 8 and 17. Subtracting the smaller from the larger gives 17 - 8 = 9, and since the larger absolute value is 17, give the result the same sign as -17, so 8 + (-17) = -9.
Subtraction
Subtracting one integer from another is the same as adding its opposite. In the following examples, convert the subtracted integer to its opposite, and add the two integers:
1.      7 - 4 = 7 + (-4) = 3
2.      12 - (-5) = 12 + (5) = 17
3.      -8 - 7 = -8 + (-7) = -15
4.      -22 - (-40) = -22 + (40) = 18
Multiplication and Division
Multiplying or dividing integer numbers amounts to being able to multiply or divide the whole numbers and determining what sign the result ought to have. The following rules apply to both multiplication and division in determining the sign of the resulting operation: when multiplying or dividing integers of the same sign, the result is positive, otherwise it is negative.
Examples:
1.      (7)(4) = 28
2.      (-7)(-4) = 28
3.      (-7)(4) = -28
4.      (7)(-4) = -28
Rational Numbers
A rational number is a number that can be represented as a fraction , where a and b are integers and b ≠ 0. In this notation, the number a is called the numerator and the number b is called the denominator. The name of rationalnumbers arises from the fact that they represent ratios (not related at all to the meaning of the word rational as "able to reason").
Rational numbers of the form  may also be represented as a/b or a ¸b.
Because the only restriction in a rational number is that the denominator cannot equal 0, when the denominator is equal to 1 those rational numbers are equivalent to integer numbers. Since  all integer numbers are also rational numbers.
Rational numbers may be represented in two familiar forms, as fractions or as decimals. It is commonly thought that rational numbers are necessarily fractions, but that is not true. According to the definition, a rational number is one that can be represented as a fraction, but does not have to be represented as a fraction. For example, the number 0.5, although not a fraction, is a rational number because 0.5 can be written also as 1/2. Because of this possible dual representation of rational numbers, their arithmetic follows the arithmetic of fractions and/or the arithmetic of decimals, which will be discussed in another lecture.
Equivalent or Equal Fractions
Two fractions  and  are equal if and only if ad = bc.
To realize this concept, consider a loaf of bread that is cut in 4 equal pieces. If we ate 1 of those 4 pieces, the proportion of the loaf we ate would be 1/4. Now consider the same loaf of bread cut into 12 equal pieces. If we ate 3 of those pieces, the proportion of the loaf we ate would be 3/12. In both scenarios, we ate the same amount of bread, since 1 x 12 = 3 x 4. Therefore 1/4 and 3/12 are equivalent or equal fractions.
Addition and Subtraction of Rational Numbers
If  and  are rational numbers then .
Example
Consider the loaf of bread example from above. If the loaf of bread is cut into 12 equal pieces and Joe eats 3 of those pieces and Jen eats another 2 pieces, what is the total proportion of the bread that was eaten?
Solution
The proportion of bread that Joe ate is 3/12. The proportion of bread that Jen ate is 2/12. Together they ate 3 + 2 = 5 pieces out of 12. Therefore the total proportion of bread they ate is 5/12. Similarly,.
If  and  are rational numbers, then .
In order to add fractions with different denominators, the least common denominator (or least common multiple of the denominators) must first be found.
Example
Consider two similar loaves of bread each cut in a different number of pieces. If one loaf of bread is cut into 4 equal pieces and Joe eats 1 of those pieces and the other loaf is cut into 3 equal pieces and Jen eats 1 of those pieces, what is the total proportion of the bread that was eaten?
Solution
The proportion of bread that Joe ate is 1/4. The proportion of bread that Jen ate is 1/3. The piece that Joe ate is not the same size as the piece that Jen ate so we cannot simply add those two pieces together. Using the rule above for adding fraction with different denominators, the total proportion of bread they ate is.
Mixed Numbers
In many everyday situations, mixed numbers may be encountered. As an example, a certain recipe may call for  cups of sugar or the interest rate on a loan may be .
Mixed numbers simply mean the sum of an integer and a proper fraction (i.e., a fraction whose numerator is less than its denominator).
In the case of the recipe,  cups of sugar means  cups of sugar which can be added together to get 7/2 cups of sugar.
Changing a mixed number to a fraction results in an improper fraction (i.e., a fraction whose numerator is greater than its denominator). 7/2 is an improper fraction since 7 > 2.
In the case of the interest rate on a loan,  means  which can be added together to get 43/8. This is also an improper fraction since 43 > 8.
Multiplication and Division of Rational Numbers
If  and  are rational numbers then .
Example
Only 1/20 of the newly hired employees at Mountain Side Ltd. are expected to be promoted next year. If Mountain Side Ltd. employs a total of 420 people, and 2/14 of those are newly hired, how many are expected to be promoted next year?
Solution
The number of employees that are expected to be promoted next year is 1/20 of 2/14 of 420, i.e.,.
If  and  are rational numbers then .
Example
Divide  by .
Solution
In order to divide mixed numbers, convert them into fractions first.
and .
Dividing  by  is therefore the same as dividing  by.
.
Since  is an improper fraction, it can be converted back into a mixed number if needed:
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Conclusion
Being able to effectively define and operate within different number sets is an essential skill that everyone should master. The set of integers is one such set of numbers that came about from everyday quantitative situations. Although in some Eastern cultures the use of negative integer numbers was in existence since 2,000 year ago, most Western civilizations disregarded the concept of negative numbers until after the 18th century.
Every day of our lives deals with ratios of numbers (i.e., rational numbers that we most commonly refer to as fractions). In dealing with such numbers, the same basic four operations of integer numbers apply as well: addition, subtraction, multiplication, and division. Addition and subtraction follow the same exact process, and care must be exercised in making sure that all fractions have the same denominators before they can be added or subtracted. Multiplication is also straightforward and simple enough to apply and division of rational numbers can always be done by multiplication of numerators by the opposite denominators.

