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CASES

1 2007 J.28 (6%), 1.24 (14%), S.21 (17%) (multichoice in T and S)
There are four lifts in a building. Each makes three stops, which do not
have to be on consecutive floors or include the ground floor. For any two
floors, there is at least one lift which stops on both of them. What is the
maximum number of floors that this building can have?
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1 2007 J.28 (6%), 1.24 (14%), 8.21 (17%) (multichoice in I and S)
Alternative 1 (Proof by Cases)

There are 4 lifts each with 3 stops, so there are at most 12 floors in the
building.

Since there are 3 stops for each lift, each lift can stop at no more than 3
pairs of floors, so the maximum number of pairs of floors is 12.

Each pair of floors has at least one lift connecting them.

Consider all the possible cases:

(a) 3 floors, possible, all four lifts stop at them.

(b) 4 floors, ABCD, this gives 6 pairs, AB, AC, AD, BC, BD and CD,
which can be spread over the four lifts as ABC, ABD, ACD and
BCD so possible.

(¢) 5 floors, ABCDE, this gives 10 pairs, AB, AC, AD, AE, BC, BD,
BE, CD, CE and DE, which can be spread over the four lifts ABC,
ADE, BDE and CDE, so possible.

(d) 6 floors, ABCDEF, this gives 15 pairs AB, AC, AD, AE, AF, BC,
BD, BE, BF, CD, CE, CF, DE, DF and EF. This is greater than
the maximum of 12 pairs possible, so there cannot be 6 floors.




image3.png
So the maximum number of floors is 5. E
Alternative 2 (Pigeonhole Principle)

There are twelve lift stops altogether. Suppose there are six floors. By
the Pigeonhole Principle, some floor has at most two lifts stopping there.
Each lift connects this floor to two others, so that only four of the other
five floors are connected to this floor. If there are seven or more floors,
some floor has at most one lift stopping there, and the situation is worse.
Hence there are at most five floors.

This is possible if the first lift stops on floors 1, 4 and 5, the second on
2, 4 and 5, the third in 3, 4 and 5, and the fourth on 1, 2 and 3.

So, the maximum number of floors is 5. 5





image4.png
Alternative 3 (Triangular Numbers)

(Noting the occurrence of triangular numbers in Alternative 1. This

proof indicates how the problem can be generalised.)

For a building with n floors, there are T,,_; pairs which have to be

connected, where T;,_; is the nth triangular number.

Each lift connects 3 pairs (assuming no repeats), so 7,,—; < 12. Now

Ty =10 and T5 = 15, so the largest possible value of 7 is 5.
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