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Problem B2 (60 pts). The purpose of this problem is to get a fast algorithm for testing
state equivalence in a DFA. Let D = (Q,X,8,q, F) be a deterministic finite automaton.
Recall that state equivalence is the equivalence relation = on @, defined such that,

p=q il V2eX'(F(p2)eF iff 5(q2) €F),
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and that i-equivalence is the equivalence relation =; on Q, defined such that,

p=iq iff VzeX, 2] <i(8'(p2)eF iff 6(qz)eF)

A relation S € Q x Q is a forward closure iff it is an equivalence relation and whenever
(p.q) € 5, then (5(p,a).5(g.a)) € S, forall a € .

‘We say that a forward closure S is good iff whenever (p,q) € S, then good(p, q), where
good(p, q) holds iff either both p, g € F, or both p,q ¢ F.

Given any relation R € Qx @, recall that the smallest equivalence relation R, containing
Ris the relation (RUR~!)* (where R~ = {(,p) | (p,q) € R}, and (RUR™!)" is the refiexive
and transitive closure of (R U R~1)). We define the sequence of relations R, € Q x Q as
follows:

Ry=Ry
Ry = (R;U{(6(p, ). 5(q,0)) | (p.4) € R, a € T})s.

(i) Prove that Ry, = Ry for some least 5. Prove that Ry, is the smallest forward
closure containing R.

Hint. First, prove that
R C Riyy
for all i > 0, Next, prove that Ry, is forward closed.
If ~ is any forward closure containing R, prove by induction that

RC~

foralli > 0.

We denote the smallest forward closure Ry, containing R as RY, and call it the forward
closure of R.

(i) Prove that p = g iff the forward closure R! of the relation R = {(p, q)} is good.
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Hint. First, prove that if R is good, then

For this, prove by induction that

=
N
1

for all i > 0.
Then, prove that if p = g, then

For this, prove that = is an equivalence relation containing R = {(p,q)} and that = is
forward closed.
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