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In Exercises 5-8, write the relation as a fable.

5. R={{a, 6),(b,2),(a 1), {c. 1)}
6. R = {{Roger, Music), {Pat, History), {Ben, Math),
(Pat, PolySci)}

7. The relation R on {1, 2, 3,4} defined by (x, ) € Rifx* = y

8. Therelation R from the set X of planets to the set ¥ of integers
defined by (x, y) € Rif x is in position y from the sun (near-
est the sun being in position 1, second nearest the sun being in
position 2, and so on)

In Exercises 9-12, draw the digraph of the relation.

9, The relation of Exercise 4 on {4, b, ¢}

1. The relation R={(1.2),(2,1),(3,3)(1,1),(2,2)} on
X =1{1273}

11. The relation R = £(1,2), (2, 3), (3. 4), (4, 1)y on {1, 2, 3, 4}
12. The reélation of Exercise 7

In Exercises 13—16, write the relation as a set of ordered pairs.
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15.

- Exercises 18 and 19 refer to the relation R onthe set {1, 2,3, 4,5

17. Find the inverse (as a set of ordered pairs) of each relation in
Exercises 1-16.

defined by the rule (x, y) € R if 3 divides x — y.
18. List the elements of R. 19. List the elements of R,

20. Repeat Exercises 18 and 19 for the relation R on the sq
{1,2,3,4,5) defined by the rule (x, y} € Rifx +y < 6.

21. Repeat Exercises 18 and 19 for the relation R on the se
£1,2,3, 4,5} defined by therule (x, y) e Rif x =y — 1. -

22, Is the relation of Exercise 20 reflexive, symmetric, antisym
metric, transitive, and/or a partial order?

23. Is the relation of Exercise 21 reflexive, symmetric, antisym
metric, transitive, arid/or a partial order?

In Exercises 24-31, determine whether each relation defined on
the set of positive integers is reflexive, symmetric, antisymmetric
transitive, and/or a partial arder. :
24, (x,y)eRj_fx:yz_ 25. (x,y)ERifx>y,

26. (x,y)e Rifx = y. 27. {(x,y)e Rifx = y.

28. (x,v) € Rif 3 divides x — y.

29. (x,v) € Rif 3 divides x + 2y.

30. (x,y) € Rifx—y=2 3L (x,y) e Rifix — y|=2.

32. Let X be anonempty set. Define a relation on P(X), the powe
setof X, as (A, B) € Rif A € B.Ts this relation reflexive, syin
metric; antisymametric, transitive, and/or a partial order?

33. Prove that a relation R on a set X is antisymmetric if and onl
ifforallx, y € X, if(x,¥) € Rand x 5 y, then (»,x) & R.

34. Let X be the set of all four-bit strings (e.g., 0011, G101, 1000)
Define a relation R on X as 51 R 53 if some substring of 51 ¢
length 2 is equal to some substring of 52 of length 2. Exam
ples: 0111 R 1010 (because both 0111 and 1010 contain 01)
1110 R 0001 (becawse 1110 and 0001 do not share a common
substring of length 2). Is this relation reflexive, symumetric, -
antisymmetric, transitive, and/or a partial ordet?

35. Suppose that R; is a partial order on X;, i = 1, 2. Show that |
R is apartial order on X| x X if we define

(x1, x2) R (x}], x3) if x1 Ry x{ and x3 Rz x5.
36. Let Ry and R, be the relations on {1, 2, 3, 4} given by
Ry = {(1, 1}, (1,2), (3,4), (4, 2)}
Ry ={(1,1). 2, 1,(3.1). (4,4, (2. D)}
List the elements of Ry o Ry and Rz 0 Ry.
Give examples of relations on {1, 2, 3,4} having the properties
specified in Exercises 37-41.
37. Reflexive, symmetric, and not transitive
38. Reflexive, not symmetric, and not transitive

39. Reflexive, antisymmetric, and not transitive




" feﬂciéﬁe, symmetric, not antisymmetric, and transitive

otfcﬁexive, not symmetric, and transitive

Exerczszs 42-54 is
'ghef‘Wise gwe & &
'R is transitive, then R Lig transitive.

ounterexample.

Jf R and § are reflexive, then R U S is reflexive.

R and § are refiexive, then R N § is reflexive.

R and.§ are reflexive, then R o § is reflexive.

R is reflexive, then R™! is reflexive.

KR and § are symmetric, then R U § is symmetric.

R and.S dre symmetric, then B M § is symmetric.

49, Jf R and § are symmetric, then R o § is symmetric.

If R is symmetric, then R~ is symmetric.

1f R and S are antisymmetric, then R U § is antisymmetric.
53, If K and § are antisymmetric, then R M § is antisymmetric.

a‘ § e relations on X. Determine whether each statement
true or false. If the statement is true, prove
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53. If R and § are antisymmetric, then R o § is antigsymmetric.,
54, If R is antisymmetric, then R is antisymmetric.
55. How many refations are there on an n-element set?

In Exercises 56-58, determine whether each relation R defined on
the collection of all nonempty subsets of real numbers is reflexive,
symmelric, antisymmetric, transitive, and/or a partial order,

56. (A, B) ¢ Rifforevery ¢ > O, thereexists a € Aand b ¢ B
with [a — b| < &.

57. (A, B) ¢ Rifforeverya € Aand ¢ > 0, there exists b ¢ B
with [¢ — b] < &.

58. (A, B) e Rifforeverya € A, b € B, and & > 0, there exists
a€Aandd’ € Bwith |a — #| < gand |a’ — b| < &,

59. Whatis wrong with the following argument, which supposed]y
shows that any rélation R on X that is symmetric and transitive
is reflexive?

Letx € X. Using symmetry, we have (x, y) and (y, x)
both in R. Since (x, y), (y.x) € R, by transitivity we have
(x, x) € R. Therefore, R is reflexive.

3.4 = Equivalence Relations

Theorem 3.4.1

Suppose that we have a set X of 10 balls; each of which is either red, blue, or green (see
Figure 3.4.1). If we divide the balls into sets R, B, and & according to color, the family
{R. B, G} 1s a partition of X. (Recall that in Section 1.1, we defined a partition of a set
X to be a collection & of nonempty subsets of X such that every element in X belongs
to exactly one member of §.) )

A partition can be used to define a relation. If Sis a partition of X, we may define
x Ry to mean that for some set § € &, both x and y belong to S. For the example of
Figure 3.4.1, the relation obtained could be described as “is the same color as.” The next
theorem shows that such a relation is always reflexive, symmetric, and transitive.

Figure 3.4.1 A sctof colored balls.
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In the digraph of an equivalence relation, an equivalence class is a largest subgrapﬁ
of the criginal digraph having the property that for any vertices v and w in G, there is a
directed edge from v to w.

A partition of a set gives rise to an equivalence relation. If Xy, .. ., X, is apartition
of a set X and we define x R y if for some {, x and y both belong to X;, then R is an
equivalence relation on X. The equivalence classes turn out to be X, ..., X,. Thus,
“equivalence relation” and “partition of a set” are different views of the same situation,
An equivalence relation on X gives rise to a partition of X (namely, the equivalence
classes), and a partition of X gives rise to an equivalence relation (namely, x is related
to y if x and y are in the same set in the partition). This latter fact can be used to solve
certain problems. If you are asked to find an equivalence relation, you can either find
the equivalence relation directly or construct a partition and then use the associated
equivalence relation. Similarly, if you are asked to find a partition, you can either find
the partition directly or construct an equivalence relation and then take the equivalence
classes as your partition.

1. Define equivalence relation. Give an example of an equivalence class? Give an example of an equivalence class for your equiv-
refation. Give an example of a relation that is nor an equivalence alence relation of Exercise 1.

refation. . .
on 3. Explain the relationship between a partition of a set and an

. Define eguivalence class. How do we denote an equivalence equivalence relation.

In Exercises 1-8, determine whether the given relation is an 15, {{1,2}, {3, 4}} 16. {{1}, {23, {3,4}}
equivalence relation on {1, 2, 3, 4, 5}. If the relation is an equiv- 17. 1{13, {2}, 31, 14}} ' 18. {{1, 2.3} 44}
alence relation, list the equivalence classes. (In Exercises 58, 19. {(1.2.3,4)} - 20. ({1112, 41, (3}}

x,ye{l,2,3,4,5})
In Exercises 21-23, let X=1{1,2,3,4,5L, ¥={3,4}, and C
L {1, 1,(2,2),(3,3), (4,4, (5.3). (1,3), 3, i {1, 3). Define the relation R on P(X), the set of all subsets of
2. {(1,1),(2,2),(3,3),(4,4),(5,5,(1,3), 3, 1), 3. 4. (4, 3)]  x g5
3. {(1,1),(2,2), (3,35, {4, 8}

4. ((1,1,(2,2), (3,30, (4,4). (5,5, (1,5). (5, 1), (3. 5), (5. 3), ARB  H#AUY=BUT.

(1.3), (3, 1)}
5 [,y |l<x<5andl <y <35} 21. Show that R is an equivalence relation.
6. {(x,¥) |4 divides x — y} 22, List the clements of [C], the equivalence class containing C.
7. {(x, y) | ddividesx +y} 8 {(x,y) | x divides 2 — y} 23. How many distinct equivalence classes are there?

, . L . 24, Let
In Exercises 9-14, determine whether the given relation is an equiv-

i i . . . ; .
alence relation on the set of all people X = {San Francisco, Pittsburgh, Chicago, San Diego,

9. {(x, y)|x and y are the same height} Philadelphia, Los Angeles}.

19. {(x, ¥) | x and ¥ have, at some time, lived in the same country]
Define a relation R on X as x Ry if x and y are in the same

11 {(x, y)|x and y have the same first name} state

12, {(x, ) | x is taller than v}
13. {(x, y) | x and y have the same parents}

{a) Show that R is an equivalence relation. -

(b) List the equivalence classes of X.

14, , d ¥ have the same color hai . . .
{Gx, y) 1> and y have the or hair} 25. Xf an equivalence relation has only one equivalence class, what

In Exercises 15-20, list the members of the equivalence relation must the relation look like?

on{l,2,3, 4} d‘“’ﬁ_’"ed (as in Theorem 3.4.1) by the given partition. 26. If R is an equivalence relation on a finite set X and |X| = |R|,.
Also, find the equivalence classes [1], [2], [3], and [4]. what must the relation look fike?
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27, By listing ordered pairs, give an example of an equivalence

relation on {1, 2;3; 4, 5, 6} Having exactly four equivalence
classes. .

How many equivalence relations are there on the set {1, 2, 3}?
Let R be areflexive relation on X satisfying: foraillx, y,z € X,
if x Ry and y R z, then z R x. Prove that R is an eguivalence
relation.

Define a relation R on R®, the set of functions from R to R, by
F R g if f(0) = g(0). Prove that R s an equivalence relation
on RX. Let f(x) = x for all x € R. Describe [ f1.

et X = {1,2,..., 10}. Define a relation R on X x X by
(. bYyR{c,d)ifa+d=5b+c.

(a) Show that R is an equivalence relation on X x X.

(b) List one member of each equivalence class of X x X.

Let X = {1,2,...,10j. Define a relation R on X x X by
{a,b) R(c,d)if ad = bc.

(a) Show that R is an equivalence relation on X x X.

(b) List one member of each equivaience class of X x X.

{c) Describe the relation R in familiar terms.

Let R be a reflexive and transitive relation on X. Show that

RN R Yisan equivalence relation on X.

Let R; and Rz be equivalence relations on X.

{a) Show that Ry N Ry is an equivalence relation on X.

(b) Describe the equivalence classes of Ry N Ry in terms of
the equivalence classes of R; and the equivalence classes
of Ra. .

Suppose that & is a collection of subsets of a set X and X =
US. (It is not assumed that the family & is pairwise disjoint.) -
Define x R y to mean that for some set § € &, both x and y
are in S. Is R necessarily reflexive, syinmetric, or transitive?

Let S be a unit square including the interior, as shown in the
following figure.

1,1)

(0, 1)

(0, 0) (1,0

Define a relation R on S by (x, ¥y} R(x',y") if (x —x

and y=7y"), or (y=y andx=0and x'=1), or (y=y and
x=1and x"=0).
(a) Show that R is an equivalence relation on S.

(b) If points in the same equivalence class are glued together,
how would you describe the figure formed?

Let S be a unit square including the interior (as in Exer-

cise 36). Define a relation R’ on S by (x, ¥) R p(x’, ¥) if

38.

39.

41.

42,

43.

45.

46
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47.
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(x =x'andy = y),or (y = yandx = Qandx’ = 1),
or(y=yandx =landx' =0, or x = x'andy = 0
and y' = 1),or{x =x" and y = 1 and y" = 0). Let
R = R'U{({0,0, (1, 1), 0, ), (1, 0)),
(1, 0), €0, 13, (1, 1), {0, O}
(a) Show that R is an equivalence relation on S.

(b) I points in the same equivalence class are glned together,
how would you describe the figure formed?

Let f be a function from X to Y. Define a relation R on X by
it f(x) = £,

Show that R is an equivalence relation on X.

xRy

Let f be a characteristic function in X. (“Characteristic func-
ton” is defined before Exercise 82, Section 3.1.). Define a
relation R on X by x By if f{x) = f(¥). According to the
preceding exercise, R is an equivalence relation. What are the
equivalence classes?

. Let f be a function from X onto ¥. Let

S={f"hirer)
[The definition of f~1(B), where B is a sct, precedes Exer-
cise 70, Section 3.1.] Show that S is a partition of X. Describe
an equivalence relation that gives rise to this partition.

Let R be an equivalence relation on a set A. Define a function
f from A to the set of equivalence classes of A by the rule

fx) =1x].

When do we have f{x) = f(y)?

Let R be an equivalence relation on a set A. Suppose that g
is a function from A into a set X haviag the property that if
x Ry, then g(x) = g(y). Show that

h[x]) = g(x)

defines a function from the set of equivalence classes of A into
X [What needs to be shown is thai & uniguely assigns a value
to [x; that is, if [x] = [y], then g(x) = g(y).] '

Suppose that arelation R on aset X is symmetric and transitive
but not reflexive. Suppose, in particular, that (b, b} ¢ R. Prove
that the pseudo equivalence class [b] (see Example 3.4.15) is

empty.

. Prove thatif arelation R on aset X is not symmetric but transi-

tive, the collection of psendo equivalence classes (see Example
3.4.15) does not partition X.
Prove that if a relation R on a set X is reflextve but not symmet-
ric, the collection of psendo equivalence classes (see Example
34.15) does not partition X.

Prove that if a relation R on a set X is reflexive but not transi-
tive, the collection of pseudo equivalence classes (see Example
3.4.135) does not partition X.

Give an example of a set X and a relation R on X that is not
reflexive, not symmetric, and not transitive, but for which the
collection of pseudo equivalence classes (see Example 3.4.15)
partitions X. ’
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Let R; be a relation from X (o ¥ and let R; be a relation from Y to Z. Let A be
the matrix of By and et A be the matrix of R,. The matrix of the relation Ry o Ry is
obtained by replacing each nonzero term in the matrix product A, A; by 1.

To test whether a relation is transitive, let A be its matrix. Compute A%, The relation
is transitive if and only if whenever entry £, j in A? is nonzero, entry i, 7 in A is also

nonzero.

1. What is the matrix of a relation?

2. Given the mafrix of a relation, how can we determine whether
the relation is reflexive?

3. Given the matrix of a relation, how can we determine whether
the relation is symmetric?

In Exercises 1--3, find the matrix of the relation R from X to ¥
relative to the orderings given.

1. R={(L&,(2, ), (2, %) (3, 8,3, )} odering of X:1,

_ 2,3, ordering of Y: e, B, , 8

o v 2. R as in Exercise 1; ordering of X:3, 2, 1; ordering of ¥: X,
B.a,d

3. R={(x,a),(x,c), (v, a), (¥, b), (z,d)}; ordering of X:x,
¥, Z; ordering on a, b, c,d

In Exercises 4-6, find the matrix of the relation R on X relative to
the ordering given.
4 R=1{(1,2),(2,3), (3, 4), (4, 5)}; ordering of X:1,2,3,4,5
5. R asin Exercise 4; ordering of X:5,3,1,2,4 :
6. R={(x,¥)|x < y}; ordering of X:1,2,3,4

7. Find matrices that represent the refations of Exercises 1316,

Section 3.3.
In Exercises 8—10, write the relation R, given by the matrix, as a
o set of ordered pairs.
8. w x ¥y z
aft 010
510 0 0 C
el 6 01 0
di\1 1 11
9. 1 2 3 4
1/1 0 © 0
210 1 1 1
10.
w x ¥y z
w1 ¢ 1 0
x|0 0 0 6
y|l1 0 1 0
z\0 0 01

4. Given the matrix of a relation, how can we determine whether

_ In Exercises 16 -8, find

the relation is transitive?

5. Given the matix A; of the relation R) and the matrix Az of
the relation Rz, explain how to obtain the matrix of the relation
Ry, o Ry :

11. How can we quickly determine whether a relation R i$ an-
. tisymmetric by exarnining the matrix of R (relative to some
ordering)?

12. Tell whether the relation of Exercise k) is reflexive, symmetric,
transitive, antisymmetric, a partial order, and/or an equivalerice
relation.

13. Given the matrix of a relation R from X to ¥, how can we find
the matrix of the inverse relation R 17

14. Find the matrix of the inverse of each of the relations of Exer-
cises 8 and 9. '

15, Use the matrix of the relation to test for transitivity (see Ex-
amples 3,5.7 and 3.5.8) for the relations of Exercises 4, 6,
and 10.

(a) The matrix Ay of the relation Ry (relative to the given
orderings).

(b) The matrix Ay of the relation Ro (relative to the given
orderings).

{c) The matrix product A1 Aj.

{d) Use the result of part { c) to find the matrix of the relation
Ry o Ry

{e) Use the result of part (d) to find the relation Ry o Ry (as @
set of ordered pairs).

16. B1 = {(Lx),(1L¥),2, %), 3.0 R = ((x,8),(y,b)
(v, a), (¥, Q)}; orderings: 1,2, 3; x, v;a, b, ¢

17. Ry ={{(x,y) | x divides y}; Ry isfrom X to ¥; Ry = {(¥, 2) |

y > z}; Ry is from ¥ to Z; ordering of X and ¥:2,3,4,5;

ordering of Z:1,2,3,4

Ri={{x,y)|x+y <6 R isfromXtoY; Ro={(y,2) | :
y=z + 1}; Rz is from ¥ to Z; ordering of X, ¥, a;ad

Z 1,2,3,4,5
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