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5. (15 points) Your boss is interested in a new puzzle game that gives a 2™ x 2" grid of squares from which
a randomly-chosen square has been removed. The goal is to cover all the remaining squares with copies
of an L-shaped piece. These copies can be rotated arbitrarily to make them useful. A piece and one
possible 8 x 8 board is as follows:
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Your boss wonders if the puzzle can always be solved. Show that it is by giving a divide and conquer
algorithm that always covers the board.
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27-4 Multithreading reductions and prefix computations
A ®-reduction of an array x[1 . .n], where ® is an associative operator, is the value

y=x[1]®x[2]®--- ® x[n] .

The following procedure computes the ®-reduction of a subarray x[i .. j] serially.

REDUCE(x, 1, j)
1y = x[i]

2 fork =i+ 1toj
3 y =y ®x[k]
4 returny

a. Use nested parallelism to implement a multithreaded algorithm P-REDUCE,
which performs the same function with ®(n) work and ®(Ign) span. Analyze
your algorithm.

A related problem is that of computing a ®-prefix computation, sometimes
called a ®-scan, on an array x[1..n], where ® is once again an associative op-
erator. The ®-scan produces the array y[1..n] given by

vl = x[il,
yi2l x[1]®x[2],
Bl = xll®x2]ex[3],

yin] = x[lJ@x2]@x(]®@--- ®x[n],

that is, all prefixes of the array x “summed” using the ® operator. The following
serial procedure SCAN performs a ®-prefix computation:

SCAN(x)

1 n = x.length

2 let y[l..n] be anew array
3 y[1] = x[1]

4 fori =2ton

5 yli] = yli — 1] ® x[i]
6 return y

Unfortunately, multithreading SCAN is not straightforward. For example, changing
the for loop to a parallel for loop would create races, since each iteration of the
loop body depends on the previous iteration. The following procedure P-SCAN-1
performs the ®-prefix computation in parallel, albeit inefficiently:
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P-SCAN-1(x)

1 n = x.length

2 let y[l..n] be anew array
3 P-SCAN-1-AUX(x,y,1,n)
4 returny

P-SCAN-1-AUX(x, y.i, j)

1 parallel for/ =i to j
2 y[l] = P-REDUCE(x, 1,/)

b. Analyze the work, span, and parallelism of P-SCAN-1.

By using nested parallelism, we can obtain a more efficient ®-prefix computa-
tion:

P-SCAN-2(x)

1 n = x.length

2 let y[l..n] be anew array
3 P-SCAN-2-AUX(x,y,1,n)
4 returny

P-SCAN-2-AUX(x, y.i,])
ifi==j
yli] = x[i]
elsek = (i +j)/2]
spawn P-SCAN-2-AUX(x, y,i,k)
P-SCAN-2-AUX(x,y.k +1,))
sync
parallel for / = k + 1to j
vl = ylk] ® y[]
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